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ABSTRACT 

The r ece iv ing  area of a d i p o l e  antenna immersed i n  a moving 
medium i s  ca l cu la t ed  by employing Minkowski's electrodynamics 
of moving media toge ther  w i t h  the  power conserva t ion  law. 
Approximate r e s u l t s  accura te  up t o  t he  f i r s t  order  i n  v/c 
a r e  obtained, v being t h e  speed of t h e  medium and c ,  t h e  vacuum 
speed of l i g h t .  Two cases  are s tud ied  i n  de ta i l :  i n  case (i) 

the  moving medium i s  simple, and i n  case (ii) the moving medium 
i s  an ionized gas  (plasma).  It i s  found that t h e  rece iv ing  and 
t r ansmi t t i ng  p a t t e r n s  are i d e n t i c a l  i n  case (i), but  not i n  
case (ii). 

on t h e  rece iv ing  c h a r a c t e r i s t i c s  of a dipole  antenna i s  brought 
o u t  e x p l i c i t l y  i n  the  receiving-area formula which i s  then  
compared w i t h  t h e  corresponding one when the medium i s  a t  r e s t .  

I n  b o t h  cases  the e f f e c t  of t h e  motion of a medium 
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I. INTRODUCTION 

I n  antenna theory  the rece iv ing  a r e a  of an antenna p lays  a 
very important r o l e ,  s ince  i t  d i r e c t l y  r ep resen t s  the power 
e x t r a c t e d  from the  inc iden t  wave by the antenna. The rece iv ing  
area of an antenna i n  vacuum or i n  s t a t i o n a r y  simple media has 
been known f o r  a long t i m e  *, and more r ecen t  i n v e s t i g a t i o n s  
i n t o  t h i s  sub jec t  have dealt w i t h  more complicated s i t u a t i o n s  
such as rece iv ing  antennas i n  magneto-ionic media 3J '. 
no a t t e n t i o n  has been given i n  the  l i t e r a t u r e  t o  t h e  problem 
of f ind ing  t h e  rece iv ing  a rea  of an  antenna immersed i n  moving 
media. The reason may be t h a t  the  complementary problem of 
a dipole  antenna r a d i a t i n g  i n  t h e  presence of moving media had 
n o t  been solved u n t i l  very r e c e n t l y  5' 6 y  '. 
the complementary problem makes poss ib l e  a c a l c u l a t i o n  of the 
rece iv ing  a r e a  of a dipole  antenna i n  moving media. I n  t h e  
p re sen t  paper such a c a l c u l a t i o n  w i l l  be given f o r  t h e  
case where the  dipole  antenna i s  i n  a moving ion ized  gas 
(plasma). 
electrodynamics of moving media toge ther  w i t h  the power conserva- 
t i o n  l a w .  

However, 

The s o l u t i o n  of 

The method of c a l c u l a t i o n s  will invoke Minkowski's 
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11. A GENERALIZATION OF THE REXIPROCITY TEEOREM 
FOR MOVING MEDIA 

I n  t h i s  s e c t i o n  we shall examine the conventional method of 
c a l c u l a t i n g  the rece iv ing  area of a n  antenna i n  a s t a t i o n a r y  
medium and see  i f  the conventional method can be extended t o  
the present  case where the receiving antenna i s  immersed i n  a 
moving medium. 

The conventional method i s  based on the well-known r e c i p r o c i t y  
theoram. 
a c u r r e n t  J1 occupying a f i n i t e  volume V1, and l e t  - E2, E2 be 
t h e  electromagnet ic  f i e l d  r ad ia t ed  by a c u r r e n t  z2 occupying a 
f i n i t e  volume V2. 
c a l l y  a t  the  same frequency and the  medium occupying the space 
ou t s ide  of V1 and V2 i s  i s o t r o p i c  and l i n e a r .  Then i t  fol lows 
d i r e c t l y  from Maxwell's equations,  

Le t  - El, €I1 be the electromagnet ic  f i e l d  radiated by 

The two cu r ren t  sources  o s c i l l a t e  harmoni- 

c L 

o r  

(E1 x g2 - 22 x _H1)-n - dS = 0, 
S 

where - n i s  the  outward unit  normal t o  the  c losed  sur face  S 

excluding the  sources.  Either of these  two equat ions has served 
as the s t a r t i n g  po in t  f o r  many i n v e s t i g a t i o n s  i n t o  the  problem 
of  f i n d i n g  the e f f e c t i v e  receiving area A of a n  antenna when 
the  r ece iv ing  antenna i s  p e r f e c t l y  matched t o  i t s  load  f o r  
maximum power absorp t ion .  These i n v e s t i g a t i o n s  have l e d  t o  t h e  
fo l lowing  well-known formula: 
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- 2  
( 3 )  

where h i s  the wave length  of t he  i n c i d e n t  r a d i a t i o n  i n  the 
medium, (eo,@,)  i s  the  d i r e c t i o n  of the  i n c i d e n t  propagation 
vector,  g i s  t h e  ga in  of the antenna when i t  i s  i n  transmission, 
and K i s  t h e  p o l a r i z a t i o n  l o s s  f a c t o r  and i s  equal t o  the 
square of the cosine o f  the angle  between the  i n c i d e n t  e l e c t r i c  
vec tor  and the  far-zone s c a t t e r e d  e l e c t r i c  vector .  

When the surrounding medium i s  a n i s o t r o p i c ,  however, t he  
r e c i p r o c i t y  theorem i n  t h e  form of eq. 1 o r  2 no longer  holds .  
I n  the  present  case of i n t e r e s t ,  t h e  an iso t ropy  of the medium 
i s  caused by a uniform motion and the  r e c i p r o c i t y  theorem can 
be genera l ized  i n t o  the  following form ( s e e  the appendix): 

I L 

o r  

Here E -1 - 
source J1 when the medium passes by the  source a t  a v e l o c i t y  - v; 

-E2 (-:), H2 (-v) - i s  the electromagnetic f i e l d  radiated by a 
source 22 when the  medium i s  moving a t  a v e l o c i t y  -v - wi th  r e spec t  
t o  the source. Since t h e  genera l ized  r e c i p r o c i t y  theorem (eq. 4 
or 5), un l ike  the  usua l  r e c i p r o c i t y  theorem (eq. 1 o r  2 ) ,  
relates - El, El and - E2, g2 under d i f f e r e n t  condi t ions,  namely, 
f o r  oppos i te  d i r e c t i o n s  of t h e  v e l o c i t y  - v, i t  no longer  l ends  
i t s e l f  t o  the s o l u t i o n  of the problem of f ind ing  the rece iv ing  
area of a dipole  antenna i n  a moving medium. 

(v ) ,  El ( v )  - i s  the electromagnet ic  f i e l d  radiated by a 

Hence, t he  p re sen t  
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problem has t o  be approached from a d i f f e r e n t  s t a r t i n g  po in t .  
I n  the next  s ec t ion  the power conservat ion l a w  w i l l  be formula- 
t e d  and t h i s  l a w  w i l l  serve as the po in t  of departure .  

4 



111. THE POWER CONSERVATION LAW 

Consider a plane monochromatic wave i n c i d e n t  on a d ipole  
antenna which i s  immersed i n  a moving simple medium o r  i n  a 
moving ion ized  gas (plasma). Then, the time-average power 
removed from t h e  i n c i d e n t  wave must equal the time-average 
power s c a t t e r e d  by the  antenna p l u s  the time-average power 
absorbed by i t .  This i s  the essence of the  power conservat ion 
l a w ,  and i t  holds so long as the  surrounding m e d i u m  i s  non- 
d i s s i p a t i v e .  Lzt - Einc be the e l e c t r i c  vec tor  of the i n c i d e n t  
wave and - J the  cu r ren t  dens i ty  induced on the d ipole  antenna. 
Then the power conservation l a w  t akes  the following form: 

1 * - R e  J' - - -  J ( r ) . E i n C ( r )  - dV = Psc + Pabj, 2 

where Psc and Pab denote r e spec t ive ly  the  time-average s c a t t e r e d  
power and the time-average absorbed power, and R e  denotes the 
real part of t he  expression following i t .  The t e r m  on the  l e f t -  
hand side of eq. 6 represents the  i n t e r a c t i o n  of the  d ipole  
antenna w i t h  t h e  inc iden t  wave. We now go on t o  i n v e s t i g a t e  
if t h i s  i n t e r a c t i o n  can be i n t e r p r e t e d  as i n t e r f e r e n c e s  between 
t h e  inc iden t  f i e l d  and t h e  far-zone s c a t t e r e d  f i e l d .  

For harmonic-time dependence of the form e- iwt, Maxwe11's equa- 
t i o n s  are 

v x - E = iw _B 

from which Poynting's theorem follows: 

( 7 )  
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I .  

Taking the  real p a r t  of eq. 8 and i n t e g r a t i n g  the  r e s u l t i n g  
equat ion over a volume V bounded by a c losed  su r face  S w e  
o b t a i n  

R e  J' ( E  x H*)-n dA + R e  J' J*.E dV 
v -  - 

- - - 
S 

= - w  I m  f (B.H* - -  - - -  E - D )  dV, (9) 
V 

where I m  denotes t h e  imaginary p a r t  of t he  expression fol lowing 
i t .  Let the  source-free so lu t ion  of eq. 7 be the  i n c i d e n t  
wave and the  p a r t i c u l a r  so lu t ion  be the  s c a t t e r e d  wave. Then 
the  f i e l d  vec to r s  _E, - By ,D, ,H i n  eq. 9 can be taken as the  sum 
of the  i n c i d e n t  p l u s  the  s c a t t e r e d  f i e l d  vec tors .  S u b s t i t u t i n g  

H = Hinc + HSC, e t c ,  i n t o  eq. 9 w e  ob ta in  i n c  + - E =  - E J -  - - 

1 R e  f [(GnC + Esc) x (Hinc + H sc  ) * ] * E  dA - - - - 
S 2 

= -$ Re J*.(EinC + - E'') dv, 
v -  - 

provided t h a t  

+ ESC).(Dinc + Dsc)*] dV = 0 .  (E - - - 

6 



We shal l  show that  eq. 11 holds f o r  the case of moving s i m p l e  
media but  no t  f o r  the  case o f  moving ion ized  gases .  When a 
simple medium having p e r m i t t i v i t y  E '  and permeabi l i ty  1-1' i n  i t s  
r e s t  frame i s  moving a t  a v e l o c i t y  - v with r e spec t  t o  t he  
l abora to ry  frame, the c o n s t i t u t i v e  equat ions are 5 

v x  E = p '  (E - 1 X  D),  B - -  - 2 -  
1 

- - 
C 

where c i s  the  vacuum speed  of l i g h t .  Solving eqs. 1 2  f o r  
D and B i n  terms of - E and - H, we ob ta in  - - 

where 

1 
p = v/c, y = (l-p2)-2, n '  = CJP, - U = u n i t  dyadic. 

see that  the  in tegrand  i n  eq. 11 has no imaginary p a r t .  Conse- 
quent ly ,  eq. 10 i s  v a l i d  f o r  moving simple media. 

Using 
and Bsc Dsc separa te ly ,  one can e a s i l y  i n c  ,,inc 

eq.  13 f o r  - B , - - J -  

7 



I n  the  case of moving ionized gases,  C '  and n '  a r e  func t ions  
n o t  only of frequency w but a l s o  of wave vec tor  - k, and the re fo re ,  
eqs.  13 hold only  i n  (w, - k )  space. Transforming eqs. 13 i n t o  
(w, - r )  space, one ob ta ins  f o r  a moving ion ized  gas,  

Where s, g and 0 a r e  i n t e g r a l  ope ra to r s  whose s p a t i a l  Four ie r  
transforms are r e spec t ive ly  given by eqs.  14. Because the  
c o n s t i t u t i v e  eqs.  15 f o r  a moving ion ized  gas a r e  i n  i n t e g r a l  
form, the imaginary p a r t  o f  the  in tegrand  i n e q s . l l  i s  no longer  
i d e n t i c a l l y  zero, and consequently, eqs.10 does not  hold f o r  
t h e  case of  moving ionized gases .  

For a moving simple medium w e  ob ta in  by s u b s t i t u t i n g  eq ,  10 

i n t o  eq. 6 

1 R e  [(Einc - + - Esc) x (Hinc - + - Hsc)*].ndA - + Pab = 0 2 S 

where we have used 

1 -- 2 R e  - -  J*.ESC dv = psc 

I n  eq. 16, t h e  term corresponding t o  t h e  inc iden t  wave alone 
i n t e g r a t e s  t o  zero, and the term corresponding t o  t h e  s c a t t e r e d  
wave alone i n t e g r a t e s  t o  give the t o t a l  time-average s c a t t e r e d  
power Psc. Hence, eq. 16 reduces t o  

1 - R e  2 (Einc x - Hsc* + - ESc + - Hinc*)*ndA - + Psc + Pab = 0 (17) s -  

a 



T h i s  i s  the  usual  form of the power conservat ion law descr ibed  
i n  the  l i t e r a t u r e  f o r  s t a t i o n a r y  simple media and i s  taken 
a s  the  s t a r t i n g  poin t  f o r  deducing t h e  well-known o p t i c a l  
theorem i n  electromagnet ic  s c a t t e r i n g  problems . Here w e  
have e s t a b l i s h e d  the  v a l i d i t y  of eq. 17 f o r  the case of moving 

6 

media. 
however, eq. 17 no longer  holds and the  power conservat ion law 
takes  the more genera l  form given by eq. 16. 

For moving d ispers ive  media ( e . g . ,  moving ion ized  gases), 

We s h a l l  begin w i t h  eq. 6 o r  17 and proceed t o  c a l c u l a t e  t h e  
rece iv ing  area  o f  a dipole  antenna immersed i n  a moving medium. 
The rece iv ing  a r e a  w i l l  be sought i n  terms of the inc iden t  flux 
and the ga in  of the  antenna when the  antenna i s  i n  t ransmission.  
However, before such a c a l c u l a t i o n  can be c a r r i e d  out,  i t  i s  
necessary t o  spec i fy  t h e  form of t he  i n c i d e n t  wave and t o  examine 
the  na ture  of far-zone s c a t t e r e d  f i e l d  i n  moving media. I n  the  
fol lowing two sec t ions  we s h a l l  s tudy plane and sphe r i ca l  wave 
s o l u t i o n s  of Maxwell's equat ions i n  moving simple media and i n  
moving ion ized  gases .  

9 



I V .  PLANE WAVES I N  MOVING MEDIA 

We s h a l l  s tudy plane wave so lu t ions  of Maxwell's equa t ions  i n  
moving s i m p l e  media and i n  moving ion ized  gases .  Assuming a 
plane electromagnet ic  wave of  t h e  form exp ( i k - r - i w t )  - -  w e  hsve 
from Maxwell's equations,  

t oge the r  with the  c o n s t i t u t i v e  eqs.  13, 

D ;= € - E  + Q x H - - -  - - 

B = g-3  - Q x E.  - - 

Ej  Bj D, H a r e  cons tan t  f i e l d  vec to r s  a n d & ,  2, - n a r e  def ined 
by eqs.  14. El iminat ion of B and D f rom eqs.  18 by means of 
eqs .  13 g ives  

- - - -  
- - 

where 

Here and henceforth w e  s h a l l  assume t h a t  the  speed of the  
medium v i s  much smaller  than the  vacuum speed of l i g h t  e,  i . e . ,  
p, = v/c <<lJ and we s h a l l  r e t a i n  terms up t o  the  order  of  8 .  

I n  the  case of moving simple media w e  have from eqs.  19, t o  a 
f i r s t  order  i n  p, 

10 



where the  p e r m i t t i v i t y  c ‘  and the  permeabi l i ty  p’ a r e  cons tan t  
i n  the  r e s t  frame of t he  mzdium. Equations 20 show t h a t  
E/H = ,/m and that  - - -  E, H, s are mutual ly  perpendicular .  
means t h a t  the wave impedance i s  n o t  a f f e c t e d  by the  motion of 
the  medium i n  t h i s  approximation. However, the  Poynting vector ,  
which i s  i n  the  d i r e c t i o n  of  - s, no longer  co inc ides  w i t h  the  
d i r e c t i o n  of the  wave vector  - k. From eqs.  20 we f i n d  

This 

sin x = s i n  8 (1-a cos e ) ,  

r2 where a = (3 ( n  - l ) / n r ,  8 = angle between 
between s and v. Hence, t o  a first order  
be represented  as 

- - 

i (1-a  cos 0 ) k - r  - -  
c E = g o e  

Here w e  have def ined k = n‘w/c, -S e = u n i t  
E = cons tan t  vec tor .  
-0 

- k and - v, and X = angle  
i n  p, plane waves can 

I n  the case o f  moving ionized gases  we have 

vec tor  of - s, and 

11 



where w is t he  plasma frequency and i s  a Lorentz i n v a r i a n t .  
To a first orde r  i n  p, eqs. 19 become 

P 

Here 

and ko = w/c, k = wp/c. From eqs.  24 we f i n d  
P 

s i n  X = s i n  0 (1 + b cos e) ,  

2 where b = pk 
case  of moving simple media. Hence, t o  a first orde r  i n  p, 
plane waves i n  moving ionized gases  a r e  o f  t he  form 

/ (k  ko) ,  x and 0 have the  same meaning as  i n  the 
P 

i k .  r E = E  e - -  - -0 

H = -  (1-b COS e )  es x E. - ko Po 

i s  a u n i t  vector ,  and E i s  a Here k i s  given by eq. 25, es 
cons tan t  vec tor .  Equations 26 show that ,  t o  a first orde r  i n  B, 
the  motion of a ion ized  gas does no t  a f f e c t  the  propagation 
vec to r  bu t  does a f f e c t  the wave impedance and the d i r e c t i o n  of 

energy flow. 

-0 

12 



V. DIPOLE FIELD I N  MOVING MEDIA 

The problem of f ind ing  the r a d i a t i o n  f i e l d  o f  an o s c i l l a t i n g  

The formulation of t he  problem i s  based on the  covariance of 
Maxwell's equat ions.  A d i f f e r e n t i a l  equat ion f o r  t h e  p o t e n t i a l  
&vector  i s  first deduced i n  the  res t  frame of the d ipole  w i t h  

r e spec t  t o  which the  medium i s  moving a t  a v e l o c i t y  - v. The 
d i f f e r e n t i a l  equat ion i s  then solved by the Green's func t ion  
technique. With a knowledge of t he  p o t e n t i a l  &vector,  the  
d ipole  f i e l d  i s  obtained b y  d i f f e r e n t i a t i o n .  

d ipole  immersed i n  a moving medium has been solved r e c e n t l y  798 . 

It was found t h a t ,  i n  the case o f  moving simple media, the 
far-zone dipole  f i e l d  7 i s ,  t o  a f i r s t  order  i n  p, 

- i a k r  cos 6 e i k r  
e > e  4rrr -P 

where - p = dipole  moment, gr = u n i t  r a d i a l  vec tor ,  a = s ( n ' z  l ) / n '  , 
k = n'w/c, and 6 = angle  between gr and v . 
a s  

The g a i n  i s  def ined - 

4nr2 Re (E x H * ) * e  

I R e  (E x H * ) - e  dA 
-r - - 

g(6,Cp) = 

-r - - 
S 

S u b s t i t u t i o n  of eq. 27 i n t o  eq.  28 g ives  

where e is the  u n i t  vec tor  i n  the d i r e c t i o n  of p . 
-P 



I n  the case of a moving ionized gas, w e  make use of the  r e s u l t s  
i n  Reference 8 and f i n d  t h a t ,  t o  a f i rs t  order  i n  8 ,  the  f a r -  
zone d ipole  f i e l d  i s  given by 

( 3 0 )  
i k r  

gr x p - b (cos0 e x p - s in0  3 x E)] e , -r 4nr 

. Introducing the u n i t  = ko - kp 2 2 2 where b = Bk / (kok) ,  and k P 
vector  2, 

-s e = ( 1 + b c o s 8 ) e  -I? - b e  -2 = e  -r + b s i n 8 g g ,  (31 1 

we can rewrite eqs. 30 as 

i k r  e - H = W k ( l  - b COS 0 )  (s x p) . 

Equations 32 show t h a t  - -  E, H and e+, a r e  mutually perpendicular ,  
and hence, e i s  i n  the d i r e c t i o n  of energy flow. The g a i n  i s  
now given by 

-S 

I n s e r t i o n  of eqs . 32 i n  eq. 33 g ives  
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The i n t e g r a l  can be evaluated as follows, keeping only terms of 
t h e  order  of 8 .  

r 2 ri- x s)  (1 - b cos 8)dn = I 1-(e  .e )2!(l-b cos 8 )  dC6 j k p  .!L -s -p 

- 8n - - +  b J cos 8 (%*e )2 d R  3 -P 

8n r 
= - + b ! cos e ( e  *e )2 dR -r -p 3 

Thus, w e  ob ta in  f o r  the gain 

I n  terms of gr, ee and e+, eq. 34 t akes  the  form 

I- -1  2 
,-r -P -r -P -e -P - 3 1  b icos8; e x ( e  x e ) ]  + 2 s i n 8 ( g r - e  ) ( e  .e )). (35) 

Examination of eq. 29 shows t h a t ,  t o  a f i r s t  o rde r  i n  8 ,  the 
motion of a s imple medium has no e f f e c t  on t h e  g a i n  of the 
d ipo le  antenna. However, t h e  motion of an  ionized gas, as 
shown i n  eq. 35, has a f i r s t  order  e f f e c t  on t h e  ga in .  



V I .  POWER ABSORPTION AND RECEIVING AREA OF A 
DIPOLLF: ANTENNA I N  MOVING SIMPLE MEDIA 

We sha l l  now c a l c u l a t e  the  power absorp t ion  of a d ipo le  
antenna i n  terms of the inc ident  f lux,  the antenna gain,  and 
the p o l a r i z a t i o n  l o s s  f a c t o r  when the dipole  antenna is  
immersed i n  a moving simple medium. 

Our po in t  of departure  is  t h e  conservation law (eq. 17) 
toge ther  wi th  eqs .  22 f o r  t h e  inc iden t  wave and eqs .  27 f o r  
the s c a t t e r e d  f i e l d .  Without l o s s  of g e n e r a l i t y ,  w e  choose 
the polar  a x i s  of t h e  sphe r i ca l  coordinate  system ( r ,Q,@) t o  
be i n  the  d i r e c t i o n  of - v. Then from eqs. 27 we have 

where 

f ( e , $ )  = a COS e + (1 - a COS eo)x 
-. 

(37) 
[ s i n  eo  s i n   cos ($o - $1  + cos eo cos e j ,  i 

(eo, $ t o )  being the d i r e c t i o n  of propagation of the inc iden t  
wave i n  s p h e r i c a l  coordinates .  

L e t  us now consider  an  i n t e g r a l  of the form 
2n ll 

for k r  >> 1. To eva lua te  t h i s  i n t e g r a l  w e  s h a l l  invoke the 
method of s t a t i o n a r y  phase. The s t a t i o n a r y  poin ts  ( O s , @ s )  
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a r e  obtained by so lv ing  t h e  following equat ions:  

E =  - a s i n  6 + (1 - a cos e 0 ) x  

[ s in  e, c o s  8 cos  ($, - $1 - c o s  e, s i n  e ] = O  

(39) 

- -  a' - (1 - a cos e o )  s i n  eo s i n  0 sin (8, - $ )  = o a @  

From eqs. 39 we f ind ,  t o  a f irst  order  i n  B ,  

and 

0' e = n  - x ,  @ , = n + @  S 

where x is given by eq. 21; i . e . ,  

s i n  x = s i n  e o  (1 - a cos g o ) .  

Recal l ing  t h a t  a is of t he  order  of 8 ,  w e  then  have 

x = e o  - a s i n  eo 

Evaluat ing i n t e g r a l  38 around 
w e  obtain,  a f te r  some lengthy 

2n n 

the  two s t a t i o n a r y  poin ts ,  
ca l cu la t ions  9 , 

Making use of formula 43 and not ing t h a t  gr = 

@ s  - - I $ ~ ,  and t h a t  e = -e when es = TI - x, 8 ,  = n + $I,, w e  get 
when es = x, 

-r -S 



and 

1 - R e  i 2 U 

-2 ikr  * 
- -0 E L-s e x ( p  - x % ) ; e  -I I y  

+ 

I n  de r iv ing  
Adding eqs .  
17 g ives  

* 
d A  i n c  

(Esc - x - H *Er 

(44) 

(45) 

* 
eq .  45 we have used t h e  f a c t  t h a t  gs*& = 0 .  

44 and 45 we f i n d  t h a t  t h e  power conservation law 

u) - I m  g.[e x ( p x  e ji = P s c  + Pab . 2 -S - s J  

L e t  t he  d ipole  antenna be p e r f e c t l y  matched f o r  maximum power 
absorp t ion .  Then the  power absorbed by t h e  antenna equals t h e  
power s c a t t e r e d  by i t .  The s c a t t e r e d  power can be found by 
i n t e g r a t i n g  t h e  Poynting vector  obtained from the f a r  f i e l d  
expressions 27. Hence 

The condi t ion  of maximum power absorp t ion  f u r t h e r  implies  t h a t  
p be 90 degrees out  of phase w i t h  Eo, a s  can be seen from the  
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i n t e r a c t i o n  term i n  eq.  6 .  p and & = e 
e and e+ being u n i t  vec tors  and t h e  inc iden t  wave being -P 
taken t o  be l i n e a r l y  polar ized .  Now w e  can so lve  eq. 46 f o r  
1 p 1, and then s u b s t i t u t i n g  the r e s u l t i n g  I p I i n t o  eq. 47, w e  
f i n d  

Here p = e - -P -0 * O J  

where t h e  inc iden t  energy 

and t h e  p o l a r i z a t i o n  loss 

f l u x  s i s  given by 

f a c t o r  K i s  def ined a s  

By v i r t u e  of eq.  29 w e  f i n a l l y  ob ta in  

A 2  i n c  'ab = E g(xY@o) (x,@o) J 

whence t h e  e f f e c t i v e  receiving a r e a  A i s  

A 

Comparing our 
the  rece iv ing  

(49) 

formulas 49 and 50 f o r  t h e  power absorbed by and 
area  of a dipole  antenna i n  moving s i m p l e  media 

wi th  t h e  corresponding well-known formulas i n  s t a t i o n a r y  simple 
media, we come t o  t he  following conclusion. To a f i r s t  order  
i n  B ,  t h e  formulas i n  the  two cases have t h e  same formal 
s t r u c t u r e  except f o r  one d i f fe rence ,  i . e . ,  i n  t h e  case where 
the  medium i s  i n  motion i t  i s  t h e  d i r e c t i o n  of the inc iden t  
Poynting vector ,  not  t h e  d i r e c t i o n  of t h e  propagation vec tor  of 
t h e  inc iden t  wave, which en te r s  t h e  formulas e x p l i c i t l y .  



Let us now consider  very b r i e f l y  how w e  can re -der ive  eqs .  49 
and 50 s t a r t i n g  from the power conservat ion law 6 .  T h i s  con- 
s i d e r a t i o n  w i l l  provide us  a gu ide l ine  when w e  c a l c u l a t e  the 
rece iv ing  a r e a  of a d ipo le  antenna i n  a moving ionized g a s .  

For a rece iv ing  d ipo le  antenna s i t u a t e d  a t  t h e  o r i g i n ,  eq. 6 
g ives  

w * 
- Im p.E+ - 2 - 'SC + 'ab 

Under t h e  condi t ion  of maximum Power abso rp t ion  t h i s  equat ion  
y i e l d s  a unique s o l u t i o n  f o r  I p I. With a knowledge of I p I w e  
o b t a i n  

2 i n c  
- 3 h 2  - e  ) s 'ab - (% -Q 

T h i s  i s  a s  f a r  a s  we can g e t  from conservat ion law 6 .  To 
proceed f u r t h e r  we note  t h a t ,  f o r  any u n i t  vec tor  e perpen- 
d i c u l a r  t o  e+, w e  have e+-e --p - - %-Le- x ( e  x e ) ]  . To o b t a i n  
eqs. 49 and 50 w e  must se t  e = e . T h i s  choice of e w i l l  be 

used i n  the following s e c t i o n .  

_- - 
-P 

- -S - 
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V I I .  POWER ABSORPTION AND RECEIVING AREA OF A 
DIPOLE ANTENNA I N  MOVING I O N I Z E D  GASES 

Let us now c a l c u l a t e  t h e  receiving a r e a  of a d ipo le  antenna 
immersed i n  a moving ionized gas .  We sha l l  f i r s t  determine the  
induced d ipole  moment from t h e  power conservat ion law under 
t he  condi t ion of maximum power absorp t ion .  Then we s h a l l  
c a l c u l a t e  t he  power absorbed by the  d ipo le  antenna i n  t e r n s  
of t h e  inc iden t  f lux ,  t h e  gain, and the p o l a r i z a t i o n  loss f a c t o r .  

A s  was shown i n  Sec t ion  111, the power conservat ion law i n  a 
moving ionized gas takes  t h e  form of eq. 6 .  Writing 
J ( r )  = -iwp 6 ( r )  and using eq. 26 f o r  Einc, w e  ob ta in  from eq. 6, - - - - 

* w - I m  - 2 - 'sc + 'ab 

can be obtained by i n t e g r a t i n g  the  Poynting vec tor  formed ps c 
from t h e  f a r  f i e l d  expressions eqs. 30 and i s  found t o  be 

where X = w /w * . Assume t h a t  t he  d ipole  antenna i s  p e r f e c t l y  
matched f o r  maximum power absorpt ion.  Then Pab - and hence 
eq.  51 g ives  

P 
- psc 

S ince  t h e  condi t ion of maximum power absorp t ion  demands tha t  p 
and Eo be 90 degrees out of phase, eq. 53 s u f f i c e s  f o r  the 
determinat ion of p .  Writing p = i a E 
w e  f i n d  from eq. 53 t h a t  a, and hence p, i s  given by 

(a being a cons t an t ) ,  0 
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where e 
r e s p e c t i v e l y .  I n s e r t i o n  of eq. 54 i n  eq.  52 g ives  

and & a r e  u n i t  vectors  i n  t h e  d i r e c t i o n s  of p and E+, -P - 

1 1 
where 1-l = w ,/Poco (1 - X)'/ 2rr . 
Sinc i s  g iven  by 

The inc iden t  energy f l u x  

s u b s t i t u t i o n  of eqs. 
order  i n  8 ,  

26 i n t o  t h i s  equat ion g ives ,  t o  a f i r s t  

1 
- (1 - X ) "  I Eo 1 * = Sinc (1 + b COS e o )  2 ,* P o  

from which eq. 55 becomes 

- 3x2 Sinc (1 + b cos e o )  ( e  * e  ) 2 
'ab - -p -0 ' ( 5 7 )  

where, a s  before ,  b = Bk 2 /(kko) and Bo = angle  between the  
P 

propagation vec tor  of t he  incident  wave and t h e  v e l o c i t y  v or ,  
which amounts t o  the  same thing, t he  po la r  a x i s  of t h e  s p h e r i c a l  
coord ina te  system. 

- 

We shall  now proceed t o  express eq. 57 i n  terms of t h e  g a i n  
and the  p o l a r i z a t i o n  lo s s  f a c t o r .  To do t h i s  w e  note  t h a t ,  
s i n c e  einc, t h e  u n i t  vec tor  i n  t h e  d i r e c t i o n  of the inc iden t  

f l u x ,  i s  perpendicular  t o  s, we can write 
-S 

.- 
e *e  = i n c  x (% x einc)] . 
-0 -P -S 

From eqs. 30 w e  f i n d  tha t  t h e  u n i t  vec tor  e i n  the  d i r e c t i o n  
of the s c a t t e r e d  e l e c t r i c  f i e l d  vec tor  i s  given by 

-s c 
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whence 

where ( e s , O s )  i s  the d i r e c t i o n  of e 
eq. 57 and making use of eq. 34 w e  can rewrite eq.  57 a s  

. I n s e r t i n g  eq. 59 i n  -S 

Here g i s  t h e  ga in  of t h e  dipole  antenna when i t  is  i n  t r a n s -  
mission, and the  p o l a r i z a t i o n  loss  f a c t o r  K i s  def ined as 

To t h e  accuracy of a f i r s t  order i n  fl w e  can w r i t e  

1 + b cos 8, 

1 - b cos B o  = (1 + 2 b COS e o )  = (1 + 2 b COS O s )  , 

where w e  have used eq. 25 for the  r e l a t i o n  between e S  and B o  . 
Equation 60 now becomes 

Thus w e  see tha t  t h e  rece iv ing  p a t t e r n  of a d ipo le  antenna 
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i n  a moving ionized gas i s  given by (1 + 2bcos eS)g(Os,@,), 
whi le  the t r ansmi t t i ng  p a t t e r n  is g(OS,@,). 
become i d e n t i c a l  only when the  d i r e c t i o n  of the inc iden t  
energy flux i s  perpendicular  t o  t h e  motion of the ion ized  gas .  

The two p a t t e r n s  
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V I I I .  CONCLUDING REMARKS 

Let us now review the material which has been presented. The 
main r e s u l t  i n  t h i s  r e p o r t  i s  t h e  eva lua t ion  of the  e f f e c t i v e  
rece iv ing  a rea  o f  a dipole  antenna immersed i n  a moving medium. 
Two cases  have been s tud ied  i n  d e t a i l :  i n  case ( i)  the  moving 
medium i s  simple, and i n  case (ii) the  moving medium i s  an ion ized  
gas (plasma).  The rece iv ing  area i s  obtained i n  terms of the 
po la r i za t ion  l o s s  f a c t o r ,  t h e  an tenna ' s  gain,  and the  d i r e c t i o n  
o f  the inc iden t  energy f l u x .  Since i n  p r a c t i c e  the  speed of the  
medium v i s  always much smaller  than the  vacuum speed o f  l i g h t  e ,  
approximate r e s u l t s  accura te  up t o  the f i r s t  o rde r  i n  v/c a r e  given. 

The method o f  s o l u t i o n  depa r t s  f r o m  the  conventional one where 
the  r e c i p r o c i t y  theorem i s  employed. It i s  shown that the  
r e c i p r o c i t y  theorem can be general ized t:, moving media. However, 
t h e  genera l ized  r e c i p r o c i t y  theorem r e l a t e s  the  inc iden t  and 
s c a t t e r e d  f i e l d s  under d i f f e r e n t  condi t ions,  namely, t h e  inc iden t  
f i e l d  i n  a medium moving a t  a ve loc i ty  - v and the  s c a t t e r e d  f i e l d  

i n  a medium moving at  a ve loc i ty  -v.  - 
r e c i p r o c i t y  theorem does not lend i t s e l f  t o  the problem of  f i nd ing  
the  r ece iv ing  area of  a d ipole  antenna i n  a moving medium. The 
approach i s  found i n  t h e  power conservat ion law which equates  the  
time-average power removed from the  inc ident  wave t o  t he  time- 
average power absorbed by t h e  antenna p l u s  t h e  time-average power 
absorbed by the  antenna p lus  the time-average power s c a t t e r e d  by 
i t .  For a rece iv ing  d i p o l e  antenna t h i s  conservat ion law is  
p a r t i c u l a r l y  usefu l ,  for it  y ie lds  r e a d i l y  t h e  induced d ipole  
moment f r o m  which the  rece iv ing  a r e a  can be eas i ly  ca l cu la t ed .  
For a rece iv ing  antenna of more genera l  type the problem must be 
t reated as a boundary-value problem which, i n  p r i n c i p l e ,  can be 
solved once t h e  Green's funct ion i n  a moving medium i s  known. 

Thus, t he  genera l ized  

I n  case (i) where the  moving medium i s  simple, it i s  found t h a t  

t h e  receiving-area f o r m u l a  resembles tha t  for the case of  a 
s t a t i o n a r y  simple medium. The only d i f f e rence  i s  t h a t  t he  motion 
of the medium makes d i s t ingu i shab le  the d i r e c t i o n  of  Poynting's 
v e c t o r  and the d i r e c t i o n  of the propagation vec tor .  It i s  the 
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d i r e c t i o n  of the inc iden t  Poynting vec tor ,  not the d i r e c t i o n  of 
t h e  inc iden t  propagation vector,  which e n t e r s  e x p l i c i t l y  t h e  

receiving-area formula. I n  case (ii) where the moving medium i s  
an  ionized gas,  i t  i s  found t h a t  t h e  rece iv ing  p a t t e r n  o f  a d ipo le  
antenna i s  not  i d e n t i c a l  t o  i t s  t r a n s m i t t i n g  p a t t e r n ,  i n  cont ra -  
d i s t i n c t i o n  t o  t h e  case where the ionized gas i s  a t  res t .  Again, 
t h e  motion of the  ionized gas  b r i n g s  i n t o  p l ay  the  d i r e c t i o n  o f  the 
inc iden t  energy f l u x  i n  the receiving-area formula. 

The r e s u l t s  of t h i s  i n v e s t i g a t i o n  provide q u a n t i t a t i v e  information 
about the  e f f e c t  o f  the  motion o f  a medium on the  r ece iv ing  
c h a r a c t e r i s t i c s  of a d ipole  antenna. The p r a c t i c a l  importance o f  
t h i s  information stems from the need o f  antenna des igners  t o  know 
how t h e  motions o f  var ious types of media a f f e c t  t he  antenna 
opera t ion  i n  recept ion .  I n  t h i s  study, i t  i s  found tha t  the motion 
of an  ionized gas  has a more pronounced e f f e c t  on the r ece iv ing  
c h a r a c t e r i s t i c s  of a d i p o l e  antenna than does the motion of a non- 
d i spe r s ive  medium. When an ionized gas  i s  i n  motion, i t  appears  
t o  be not  on ly  temporally d ispers ive  but  also s p a t i a l l y  d i s p e r s i v e .  
I n  such a medium, the  phys ica l  i n t e r p r e t a t i o n s  o f  t he  Poynting 
vec tor ,  t he  f i e l d  momentum, and the f i e l d  energy become very 
obscure.  A s  a r e s u l t ,  i n  a moving ion ized  gas  t h e  polver conser- 
va t ion  law takes a form more general  than the usual  one. It i s  
concluded t h a t  a d e t a i l e d  study should be made on the  e l e c t r o -  
magnetic p r o p e r t i e s  of s p a t i a l l y  d i spe r s ive  media-a branch of 
electrodynamics which has so f a r  been neglected i n  the l i t e r a t u r e .  
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APPENDIX 

I n  t h i s  appendix w e  sha l l  show that t h e  genera l ized  r e c i p r o c i t y  
theorem f o r  moving media i s  given by 

I' 

J *E ( -V)dV = 3 -1 -2 - -2 -1 - J *E (V)dV,  
v2 

o r  by 

The Maxwell equat ions f o r  t h e  f i e l d  produced by S, a r e  

V x El = i W l  

V x g1 = - i w D 1  + J -1 ' - 

and t h e  Maxwell equat ions f o r  the f i e l d  produced by J -2 

V x g2 = iWB2 - 

= - i w D  + J x E2 -2 -2 

Here and henceforth,  i t  i s  understood tha t  the  f i e l d  w i t h  
s u b s c r i p t  1 depends on - v and t h a t  w i t h  s u b s c r i p t  2 depends on 
-v. - 
and A . 5  we ob ta in  

Multiplying A . 4  by g2 and A . 6  by El and making use of A.3 

Sub t rac t ing  A.8 f rom A . 7  and i n t e g r a t i n g  the r e s u l t i n g  equat ion  
o v e r  a l l  space, w e  g e t  
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By an  a p p l i c a t i o n  of ParseVal 's  theorem the second i n t e g r a l  on 
the r ighthand side o f  A.9 can be converted i n t o  one over the  
wave vec tor  - k space, i . e . ,  

We shall  now show that the  integrand on the r ighthand s i d e  of  
A . 1 0  is i d e n t i c a l l y  zero.  To do t h i s  w e  first transform the  
c o n s t i t u t i v e  equat'ions (eqs.  15) i n t o  wave vector-fie-quency 

space and o b t a i n  

For moving simple media, 8 p, are cons tan t ,  while  f o r  moving 
ion ized  gases, they are func t ions  of w-v-k. By v i r t u e  of A . l l  

and not ing  that  e,  p, - fl are inva r i an t  under the simultaneous 
t ransformat ions  v + -v and k + -k, w e  can easily see that the 

in t eg rand  on the r ighthand s i d e  of A . 1 0  i s  i d e n t i c a l l y  zero.  
Hence, A . 9  reduces t o  

-2 - - 
- -  

- -  
- - - - 

The su r face  i n t e g r a l  on the  righthand side of A . 1 2  g ives  no 
c o n t r i b u t i o n  if S i s  chosen t o  be a c losed  su r face  a t  i n f i n i t y ,  
and w e  arr ive a t  A . 1 .  On t h e  other hand, i f  S i s  chosen not t o  
enc lose  the sources  Ll and 5 the l e f t h a n d  side of A . 1 2  is  zero,  
and w e  a r r i v e  a t  A . 2 .  
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